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This paper is the second of a series begun in [ 181. Here our principal 
objective will be to study singular convolution operators on general 
(simply connected) nilpotent Lie groups, and more specifically operators 
whose kernels are supported on possibly lower dimensional varieties, and 
which may also contain exponential polynomial oscillatory factors [ 171. 
Let us describe some of our ideas in terms of a basic example of 
operators we consider. On the group N let T be the operator given by 
(rf)(x)=w jNfW1) K(y) dy, 
where K is an appropriate singular kernel. In keeping with the classical 
theory of R” one could expect to have boundedness on Lp of the above 
operator whenever K has a characteristic singularity described in terms of a 
critical degree of homogeneity. 
Now, in the special case when N happens to have automorphic dilations 
(i.e., N is a homogeneous group), such a theory has been known for quite 
some time. One of our main results is that corresponding assertions are 
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valid in the general case. This is connected with our previous paper, at least 
when N is a Heisenberg group and as far as L*-theory is concerned, 
because when we take the group Fourier transform (or the Fourier trans- 
form with respect o the center) we are led to oscillatory integrals related to 
the type studied in [ 183. 
In the present paper, however, we do not reduce matters to such 
oscillatory integrals, but instead to convolution operators whose kernels 
are supported on lower-dimensional varieties, and in the end we can 
reverse the implications and generalize substantial parts of our earlier 
results about oscillatory integrals. 
Our paper is organized as follows. In the first part we study in detail the 
singular integral operators on homogeneous nilpotent groups, defined by 
smooth kernels that are supported on lower-dimensional analytic 
submanifolds. We prove that such operators are bounded on every Lp for 
1 -C p c co, at least when the manifold (which we always assume does not 
contain the origin) is connected. 
The main reason that we are forced to restrict to analytic manifolds is 
that we make a strong use of iterated convolutions of the kernel with itself, 
so that the group that is generated by the manifold plays an important 
role. The analyticity condition is required by the fact that we need to know 
that any neighborhood of a point in the manifold generates the same 
group. It also implies that some negative powers of certain Jacobian deter- 
minants are integrable. 
For the first reason we assume to begin with that the manifold is connec- 
ted. This hypothesis can be eliminated by assuming that each component 
generates the same subgroup. As a matter of fact, the kernel may as well be 
a linear combination of kernels carried by manifolds of different dimen- 
sions. This last observation is used, together with the aid of an appropriate 
square-function operator, to prove LP-boundedness for maximal operators 
along submanifolds. 
Our results up to this point unify and extend part of the results in the 
literature [ 1, 8,9, 16,21, 221. 
The second part of the paper deals with applications to operators of 
other kinds, such as 
(a) singular integral operators related to dilations that are not group 
automorphisms, 
(b) oscillatory singular integrals. 
The fact that there should be results about singular integrals related to 
non-automorphic dilations is indicated, for instance, by the fact that the 
method of rotations implies that on the Heisenberg group H, a kernel that 
is odd and homogeneous of degree -2n - 1 with respect to the isotropic 
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dilations (2, t) + (6:, 6t) defines a bounded convolution operator on Lp for 
1 < p < x8. The same method shows that the maximal operator 
is bounded on Lp for 1 <p d SE. 
A direct attack of these problems in general by classical methods is not 
possible because one cannot use the theory of spaces of homogeneous type 
and the related decomposition lemmas. Our proofs consist in realizing the 
non-homogeneous groups as quotients of homogeneous ones and applying 
a particular version of the more general method of transference [2]. This 
allows us to “push-forward” singular kernels from the larger group to its 
quotient together with their LP-boundedness properties. If one places the 
kernel to be studied on a suitable homogeneous manifold in the larger 
group (so that LP-boundedness follows by what was proved in the first 
part of the paper) and pushes it forward, the desired result follows. 
The use of transference methods in connection with special cases of pro- 
jections to quotient groups is not new [2, 41, but it seems not to have ever 
found applications in a general context. However, the idea of looking at 
non-homogeneous groups as quotients of homogeneous ones appears 
already implicitly in [19, 61 and more recently in [13], where it is 
exploited in different ways. 
The above-mentioned application to oscillatory integrals also makes use 
of the transference method, and it is based on the model of the Schrijdinger 
representations of the Heisenberg groups. We actually prove that, given 
any polynomial P(x, J) on any nilpotent group, it is possible to determine 
a representation of a larger group and a submanifold of it such that the 
representation transforms the singular integral operators with kernels sup- 
ported on the manifold into oscillatory singular integrals on the original 
group containing the oscillatory factor erP’x,-“). These considerations allow 
us to extend the results in [lS] to the case of non-homogeneous groups 
and of oscillatory kernels supported on analytic manifolds. 
PART I 
1. ANALYTIC SUBMANIFOLDS GENERATING THE FULL GROUP 
In this section we consider a general connected and simply connected Lie 
group G. We denote by W a connected analytic submanifold of G that 
generates G, in the sense that W is not contained in any proper closed 
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subgroup of G. A simple analytic continuation argument shows that if W 
is any open submanifold of W, then also W’ generates G. 
PROPOSITION 1.1. There is an integer m such that W”’ contains an open 
subset qf G. 
Proqf We proceed by induction on the codimension of W in G. Let 
n = dim G, k = dim W. If k = n there is nothing to prove. 
We cannot have k = 0, i.e., W consisting of a single element. If it were so, 
G would be Abelian, therefore isomorphic to R”, since it is connected and 
simply connected; but no single element can generate R” as a group. 
Let therefore 1 d k <n, and define 4: Wx W + G as &.u, ~1) = .YJ~. 4 is 
an analytic map whose rank is at least k at each point. We prove, by 
contradiction, that 4 has rank strictly larger than k at some point. 
Assume that the rank of 4 equals k at each point of W x W. Then, by 
restricting W if necessary, IV2 is a k-dimensional manifold. Let .Y and ~3 
be two elements of W. Since .uW and Wy are k-dimensional manifolds 
contained in W’, then, in a neighborhood of SJ’, we have 
i.e., 
x -9py= wr-‘=,y-Iw 
in a neighborhood of the identity. 
For fixed x0 E W, let S = ~0 ’ W, and let h (as a subspace of the Lie 
algebra g of G) be the tangent space to S at the identity. Given XE W, near 
the identity we have W.Y ’ = X; ’ W = S. Therefore 
which shows that h is Ad( W)-invariant. Since W generates G, h is an ideal 
in 9. Let H =exp, h; then SC H. In fact, if y = X;‘.KE S, with XE W, then 
y-‘s=.Y-‘xos=,r-’ W = S near the identity, and this implies that tangent 
vectors to S at any point are left-translates of vectors in h. But then 
W c -‘co H, so that a single element generates the full quotient group G/H. 
But this is impossible since G/H is not trivial and is simply connected. 
Let therefore p > k be the maximum rank attained by 4 on W x W. If 
p = n we are done. Otherwise, let (x, ~3) E W x W be a point where 4 has 
rank p. Let U, and U-V be connected neighborhoods of x and .Y, respec- 
tively, in W such that U, U,. is a p-dimensional manifold. By the inductive 
hypothesis, the proof will be complete as soon as we show that U,U, 
generates G. 
Let G’ be the closed subgroup of G generated by U, U!. Since 4 maps 
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U, x r/,. into G’, it follows by analytic continuation that W2 c G’. But W2 
generates G. To see this it is enough to show that W2 generates a 
neighborhood of the identity. By using the exponential map, it is easily 
seen that any element close enough to the identity is a square, so it can be 
approximated by even products of elements in W u W- ‘. At this point it is 
sufficient to observe that, if yl, y2~ W, then Y,Y;‘=.Y~Y~L’~)-~E 
W2( W’)-’ to see that these products can be rearranged as products of 
elements in W2 u ( W2) - ‘. It follows that G’ = G. Q.E.D. 
COROLLARY 1.2. Let m be as in Proposition 1.1. There is a neighborhood 
U of the identity in G such that if x,, x,, . . . . x, E U, then x,, Wx, W... Wx, 
contains an open set. 
Prooj For X = (x,, x1, . . . . x,) E Cm+‘, let 4,: Wx W..+ x W+ G be 
defined as 
4.AY 1,...,Yrn)=XoY,x,Y2...YmXrn. 
Since 4,. e. . . . . e, has rank n = dim G at some point, also $j has rank n at 
the same point for x0, x,, . . . . x, close enough to the identity. Q.E.D. 
2. SMOOTHNESS OF MEASURES TRANSPORTED BY ANALYTIC MAPS 
Let 4 be an analytic function defined on the closure B of the unit ball in 
R” with values in R”, n <m, and having rank n at almost every point. Let 
also 1,5(x) be a C-function supported on the unit ball in R”, and let 
dp(y) = #*0(/(x) dx) be the transported measure by 4 of the measure 
It/(x) dx on IF!“, i.e., such that for fe C,(W) 
FROP~SITION 2.1. The measure dp is absolutely continuous with respect 
to Lebesgue measure in R”, and if p(y) is its density, then p satisfies an 
L I-Hiilder condition 
s Ih+t)-p(y)1 dy~Clltl16 (1) Iw” 
for some 6 > 0 depending only on 4, and some C > 0 that depends also on the 
Cl-norm of $. 
Proof: Let J(x) = (xk JJx)~)~‘~, where the Jk are the minors of order n 
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of the Jacobian matrix 4’(x). Since J2 is real-analytic, its zero set Z has 
measure zero. Following an idea in [20], we consider a covering 
{B,= B(x,, r,)} of the complement of Z in the unit ball in R” such that 
(i) rj = cJ(x,); 
(ii) the balls B;” = B(,u,, 2rj) are disjoint from Z and have the 
bounded overlapping property; i.e., there is an integer N such that no point 
belongs to more than N of the B,*. 
For fixed i, let Jk be a minor of maximum absolute value at -ye. Since the 
gradient VJ, is bounded on B, if the constant c in (i) is small enough, we 
have 
IJk(x)l > c’rj (2) 
on all of B,?. Without loss of generality, we can assume that Jk is 
determined by the first n rows in #‘, and we write XE R” as 
x = (x’, x”) E R” x R” n. If B,I = B(x,I, r,) c R” and Bj’= B(x,!‘, rj) c R”-“, 
then B, c B, x B;’ c By. 
For each x” E Bj’, qij, .rl = dIBix {.,.,. i has a Jacobian determinant that is 
larger than c’r,. Moreover $ji..l-,. is one-to-one, which follows from the 
inverse function theorem: if 
W-x’, Y) = x’ + [qq, .&;)I - ’ tI’ - #j, ,,(,J)), 
then 
By Cramer’s rule 
where c is the constant in (i). By the boundedness of the second derivatives 
of q5 on B, it follows that 
Therefore if the constant c in (i) is small enough, the contraction 
condition on G is satisfied on all of Bj, so that q5,,z.. is invertible on Bj. 
Let now {q,} be a smooth partition of unity on B\Z subordinated to the 
covering {B,} and such that lIVqjll < Cr,-‘. 
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Let also $,=$qj, d~j(~)=~*(Icl,(X)d.U), d~,,.,,(y)=(~j,r.,)*(~.i(-~‘, -x”)d,u’). 
Then 
dp, rs’(~) = IJk(~,~~J~,()‘), .K”)\ ~’ II/,(d,y,‘,.(y), .u”) dt 
= P,. .4 Y) &. 
The functions p,, r- satisfy the following two properties: 
(3) 
(4) 
since 
VP,. ,..((bj, Jx’)) = [qy. y(Y)] - ’ V,,(JJ.r’, x”) ~ ’ ljj(X’, x”)), 
so that by (2) and Cramer’s rule, 
IVpj,....(~j,.~,.(x’)l d Cr,:* IJ,(x’, x”)( ‘. 
It follows that the measure 
has a density 
Pj(J’) = JB,, ~j. .r’,(~‘) dy” 
I 
which satisfies the two conditions 
(6) 
(7) 
This implies that if 0 < 6 G 1 
Il~,ll~;=;;; lI4? 5,. IP(Y+~)-PO’)I dyGCr?-26. (8) 
The sum x, r, m-Z* is comparable with the integral Se J(x)-“~ d.x. This 
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integral is convergent for 6 close to zero, as it follows from the fact that J2 
is real-analytic and the Weierstrass preparation theorem [ 121. This implies 
that for 6 > 0 and small enough, p(y) = xi pi(y) satisfies (1). 
But G(x) dx = xj tij(-u) dx, because Z has measure zero, and this implies 
that 
Q.E.D. 
In order to apply Proposition 2.1 in the sequel, we have to consider 
the situation in which the range of the map 4 is a Lie group and the 
smoothness of p is referred to group translations. In this regard, the 
following property holds. 
LEMMA 2.2. Let G be a unimodular Lie group, g be its Lie algebra, and p 
a function on exp, B, where B is the unit bail in g with respect to a given 
norm II II. 
Then p satisfies an LL-Hijlder condition 
J I P(X expG Y) - pb)l d-x G C II YI16 (9) G 
if and only if the function p = p 0 exp, on g satisfies a condition 
I IP(X+ Y) - P(X)1 dX< C’ II YI16. (10) 9 
Furthermore, right translation by exp, Y in (9) can be replaced by left 
translation. 
Proof: For 0 < t Q 1 let B, be the ball of radius t in g and let qt be a 
smooth function on G supported on exp, B, such that cp, 20, 
Jo cp,b) dx = 1, and lG I(cp, * X)(X) 1 d,u < Ct-’ IIXI\ for every XE g. Then 
{ cp,} is an approximate identity in G. 
Assume that (9) holds. Then 
lb * (PI-Pllrl(c,= (p(xy-‘)-p(x))cp,o,)dy d.u<Ct’. (11) 
Since qr * X has mean value zero, we also have 
MXY-‘)-P(x))(cP,* WRY dx 
(12) 
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Let 6, = (p * cp,) oexp,, and let y,, . . . . yn be linear coordinates on g. If 
P- r, . . . . X,} is a basis of g, then 
(P*‘P,*X,);exP,=~a,,(y)~ 
I I 
with det(a,,( )I)) # 0 for every y. By applying Cramer’s rule, we obtain that 
for every f d 1. Therefore for every t < 1 and Y E 9, 
(13) 
Since 
then 
I Ip(x+ Y)-/5(X)1 dX<C(t"-' IjYII +2t6). (14) 9 
Taking t = II YII when 1) Y/I 6 1, we obtain (10). For II YII > 1, (10) follows 
from the trivial estimate 
I lp’(X+ Y) -P(Wl d-Y6 2 IIPII Lqg). 9 
By the same argument one proves that (10) implies (9) and the last 
statement is now trivial. Q.E.D. 
COROLLARY 2.3. Let If,, . . . . V, be connected analytic submantfolds of a 
unimodular Lie group G, and assume that the product V, V, . . . Vk contains 
an open set in G. If for each j= 1 . . . k we are given measures dpj = qj da,, 
where doj is the surface measure on V, and qj is a smooth function with com- 
pact support on V,, then du, * ’ ‘. * dpk is absolutely continuous with respect 
to Haar measure and its density p satisfies a right L’-Holder condition as in 
(9), as well as a left L’-Holder condition, for some exponent 6 > 0 that 
depends only on the manifolds.’ 
’ The fact that iterated convolutions of such singular measures can give rise to absolutely 
continuous measures has been known for various examples for quite some time, in particular 
in the work of F. John, J. E. Bjcrck, 0. C. McGehee., and G. S. Woodward, among others. 
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The proof follows easily from Proposition 2.1 and Lemma 2.2. In fact 
dcl, * . . . * dpk is obtained by transporting the measure dp, dp, . . . dpk 
defined on V, x I’, . . . x Vk by means of 4(x,, x2, . . . . xk) =x1.x2 ...x.. 
3. CONVOLUTION OPERATORS WITH SINGULAR KERNELS 
SUPPORTED ON MANIFOLDS 
We assume now that the group G is nilpotent and has dilations 
(Ds}& ,0, i.e., automorphisms of G such that 
(i) D6DE=DdE, for all 6, E>O; 
(ii) the differential of D, diagonalizes on g with eigenvalues 
6” , . . . . 6”, where a,, . . . . c(, are positive. 
If ga, is the eigenspace of g relative to the exponent aj and dj is its dimen- 
sion, we denote by Q = xj,!=, djaj the homogeneous dimension of G. 
We will use frequently the notation 6x in place of D,x. We also denote 
by 1x1 a homogeneous gauge on G, that we can take to be smooth away 
from the origin. 
We will consider distributions K on G that satisfy the following 
condition. 
Condition A. (i ) The support of K is contained in Vu { 0 }, where V is 
a connected analytic homogeneous submanifold of G not containing the 
identity 0. 
(ii) (K f > = PJ. j,,fW 0-J Wx), 
where do is surface measure on V, K is a smooth function on V such that for 
O<a<b<a 
I K(x) da(x) = 0 0-c 11.1 <b 
and the measure K(x) da(x) on G’\ (0) is homogeneous of degree -Q. 
It follows from (i) that if Z = {x E G: 1x1 = I}, then (supp K) n Z is com- 
pact in Vn C. Furthermore, K is a homogeneous distribution on G of the 
critical degree -Q. 
It should be noted that in general the surface measure do(x) and the 
density K(x) do not separately have any property of homogeneity. A simple 
example of non-homogeneous surface measure is given by arc-length on the 
parabola J = x2 in OX*, where dilations are given by (x, v) --) (6x, S2y). 
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In addition to Condition A we will formulate a more general Con- 
dition B in Section 4. 
Let now V, be the set of elements x in V such that $ < 1x1 < 2, and let 
e(x) = $ (1x1) be a P-function supported on V0 such that for every 
x#O xjEZ 11/(2jx)= 1. If we set 
Kj(X) = K(x) 11/(2’x), 
then K,=K,(x)da(x) is supported on Vj={~~V:2-i-1<Ixl<2-‘C’}. 
Furthermore 
s K,(x) do(x) = 0G 
for every j and K= xi Kj. Together with K,, we introduce the measures KT 
supported on I’,-’ with densities K,?(x) = K,(x-L). 
LEMMA 3.1. Let m be such that V;; contains an open subset of G, 
according to Proposition 1.1. Then for every x,,, x, , . . . . x, E G also 
xg VOX, vo ... V,,x, contains an open subset of G. 
Proof. Since V is analytic, x0 VOxl . . . V,x, contains an open set if and 
only if x0 Vx, .-. Vx, does. So the set of (m + 1)tuples (x,,, . . . x,) in G” + ’ 
for which this property holds is dilation-invariant. By Corollary 1.2 it con- 
tains a neighborhood of (0, 0, . . . . 0) E G” + ‘; therefore it is all of G” + ‘. 
Q.E.D. 
We denote by f *m the mth convolution power off: 
LEMMA 3.2. Assume that V generates G. Then there 
that (KO * K$)*” has a density p(x) on G such that 
I IP(v)- p(x)1 d.x G C IA” G 
and 
s 
IP(YX) - p(x)1 dx G C 1~1~ 
G 
for some posithe constants C and E. 
is an integer m such 
(15) 
(16) 
ProojY If follows from Lemma 3.1 that (V, V;‘)m contains an open sub- 
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set of G for m large. Let 11 Y(I be a norm on g. By Corollary 2.3, (K,,* K,,)*m 
has a density p(x) on G such that 
I Id~exp, Y)-d-~)l d.x< C II Yl16 G 
for some C, b > 0, and p also satisfies a similar condition relative to left 
translations. As (15) and (16) are trivial for IpI > 1, it is enough to consider 
IJ-‘~ d 1. But if 1~~1 6 , there is an exponent E >O such that if y =exp, Y, 
then II Yil” 6 C 1~~1” [7], and this completes the proof. Q.E.D. 
We will also need the following lemma. 
LEMMA 3.3. Let f be a boundedfunction on G supported on the unit ball, 
with mean value zero and satisfyling the L1-Holder conditions ( 15) and ( 16). 
If A4 is the singular kernel 
M(x) = 1 2’Qf(2’x) 
jcL 
then the operator of (either left or right) convolution by M is bounded on 
LP(G) for 1 < p < ‘x), with a norm that only depends on p, E, and the constant 
C in (15) and (16). 
The proof follows the same lines as that given in [S, Lemma 2.11 for the 
Heisenberg groups. 
THEOREM 3.4. Let K be a distribution satisfying Condition A and suppose 
that V generates G. Then the operator of (either left or right) convolution by 
K is bounded on L”(G) for 1 <p< cx). 
Proof Let ILi(x) = 11/(2’x) be the partition of unity introduced before. If 
c = IO I)(X) dx, define 
vj(x) = c-l(2’j+ I)Q Ii/j+ I(dy)-2’Q$j(x)). 
Then for every j, E E, 
6,= 1 ~j+c-'2'~Qljjo 
i 2 JO 
on G. Away from the origin K can be decomposed as 
K= c K. JEZ J*(,,~,o”l)+~z Cmm'2(i+Lo)QKj*$J+L0 
= C (C K,*tJj+k) + ~c’2”~ 1 2jQKj* ~l/~+ ,o. (17) 
k2 10 jsZ jsZ 
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Then the distributions 
N= C-‘2’0Q 
1 2”Kj * Ii/j+ 10 
j=i! 
are Calderon-Zygmund kernels that are smooth away from the origin. We 
will show that, if IIM,J,, p denotes the convolution operator norm of M, on 
LP(GL the series Ck2 1o IIMkllp.p converges for every p, 1 < p < a. Since 
this easily implies that the identity 
K= 1 Mk+N 
k2 IO 
holds on all of G, the proof will be complete. 
We first estimate ([&(I p. p by making use of Lemma 3.3. The functions 
K. *qk are supported on a fixed ball for k 2 10 and, if R, denotes the 
operator of right translation by y, 
I IKo * ?kh) - Ko * qk(x)i dx = IWO * (&3/k - qk)li I G 
Q c IIR,.‘Tk - qkil I 
= c j- Iv&)‘) - q&)1 dx 
G 
= C j- hoWky)) - q,(x)1 dx 
G 
6 C2”k (yl& 
for every E, 0 < E < 1, since I]~ is smooth. It follows from Lemma 3.3 that for 
O<&<l 
(18) 
We look now for a better estimate of the norms IIMkll 2, 2, by using the 
non-commutative version of Cotlar’s lemma [15] combined with the 
iteration argument used in [ 11. By the scale-invariance properties of Mk, 
we have to estimate the norms 
IIqf+k * K,? * Ko * tlkli2. 2, IlKo* qk* $+k* ~IILz (19) 
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for k 2 10 and j > 0. Trivially, the norms in ( 19) are controlled by 
Now, if A and B are bounded linear operators on a Hilbert space, then 
IlABll < IIAIl”’ IIABB*I11’2. 
Iterating 1 times, 
If we apply (21) to the first norm in (20), we obtain 
(21) 
IIv,f+k * K,f+ * &ll2,2 
< Ilr,$+k* K,+Il;,;2-‘ll v,?+~* K,+ * (K,,* K,,*)*2’-‘ll:;;. (22) 
The norm ~Iv,?+~ * K;” 11 2, z is controlled by the product of the L’-norm of 
r~~+~ and the measure norm of Kj, which are bounded independently of j 
and k. By Lemma 3.2, we can take I large enough so that (K,, * K$)**‘-’ is 
a function p(x) that has compact support and satisfies L’-Holder con- 
ditions (15) and (16). After convolution from the left with K,?, the right 
L’-Holder condition is preserved with constants that do not depend on j. 
Using Lemma 2.2 and the fact that for Jyl < 1, y = exp, Y, 
c, II Yll” < lyl <c, II Yll” 
(see [7]), we see that also some left L’-Holder condition is satisfied by 
K;c*p, 
i 
IK,* *p(yx)-K,+*p(x)l dxdC’ly(“‘. (23) 
G 
The constant C > 0 and the exponent E’ > 0 do not depend on j because 
all the functions involved are supported on the same bounded set, by the 
assumption j > 0. 
As qT+ khas mean value zero and q?+ ,J x) = 2 ci+k)Qq$(2j+k~), it is easily 
seen that 
and therefore 
I[$++,* K,* * K,*~k1)2,Z~C2-u(j+k), 
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where 0 is some positive exponent. The second norm in (19) is estimated 
similarly. It follows that 
(24) 
which proves the theorem for p = 2. 
Let now p be a fixed exponent, 1 <p < 2, and take p,, such that 
1 < pO <p. We can then interpolate between (24) and the estimate (18) for 
IIWJ,,,,,. If we choose the exponent E in (18) small enough, we obtain an 
exponential decay for II M, 11 pip. 
The result for 2 < p < co can now be proved by duality. Q.E.D. 
Remarks. The hypotheses on K in Theorem 3.4 (as well as in Theorem 
4.1 in the next section) can be considerably relaxed. 
Let {q~~i>~~z be Cl-functions on V supported on I’,, uniformly bounded, 
together with their first derivatives in the directions tangent to V. Let K, 
the measure supported on V, obtained by dilating ‘pjda with a factor in 
front that preserves its total mass. Then, if each qj has mean value zero, the 
conclusions of Theorem 3.3 hold for K= cjeZ K,. A relevant example is 
provided by distributions with complex degree of homogeneity -Q + iy, 
with 7 real. 
The proof of Theorem 3.4 actually shows that if Re z < 0, then the kernel 
K; = f 2’kMk 
k= IO 
gives a bounded operator on L’(G), and for Re z < 0 but arbitrarily close 
to zero, K, gives a bounded operator on every LP(G), 1 <p < cc. In this 
sense the argument given here is analogous to the proof of Theorem 11(A) 
in [21]. 
4. KERNELS SUPPORTED ON FINITE UNIONS OF 
MANIFOLDS AND MAXIMAL OPERATORS 
In Section 3 we have considered principal value distributions with 
smooth densities on analytic manifolds not containing the origin which are 
connected. For instance, Hilbert transforms along homogeneous curves do 
not fall under the scope of Theorem 3.4. However, they are known to be 
bounded on L”(G) for 1 <p< ocj [l, 211. 
In order to include these operators, and many relevant others, in our dis- 
cussion, we consider a more general class of kernels than those defined by 
Condition A. 
Condition B. (i) The support of K is contained in V, u V, u ... u 
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V, u { 0 ), where V, , V,, . . . . V,,, are connected analytic homogeneous 
manifolds not containing the identity (they are not necessarily disjoint and do 
not necessarily have the same dimension); 
(ii) (K, f > = j’_“, ,t j” f(x) K’(x) dai(x), 
,=, l.rl>e 
where doi is surface measure on Vj, Kj is a smooth function on V, such that 
(supp K,) n C (Z being the unit sphere in G) is compact in V, n Z; further- 
more lf 0 < a < b < iy-8 
and K, da, are homogeneous measures on G\, { 0} of degree - Q. 
The resulting distribution K is then homogeneous of degree -Q. 
THEOREM 4.1. Assume that each V, generates the full group G and that K 
satisfies Condition B. Then the convolution operator determined by K is 
bounded on Lp( G) for 1 < p < cx;. 
Proof. Let $ be as in Section 3, and let K,,(x) = K(x) $(x). 
It is sufhcient to show that for some integer 1 the conclusion of 
Lemma 3.2 is valid for K,. 
If K, = xJ’=, Kd, then ( K0 * K,*)*’ expands as a sum of 21 convolutions 
with factors taken from the K< or from the Kd*. 
For each j, let I, be such that V:/ contains an open set. If I is large 
enough, every summand contains at least Zj factors K/, for at least one j. By 
Lemma 3.1 and Corollary 2.3, the conclusion of Lemma 3.2 then holds for 
each summand separately. Q.E.D. 
We now turn our attention to maximal operators along homogeneous 
analytic manifolds. These operators are defined in such a way that they are 
dilation-invariant. For simplicity we consider connected manifolds. 
Let $(x), 0 < 1,9 Q 1, be a function with compact support on Vu {0), and 
let dp(x) = G(x) da(x), where do is the surface measure on V. We define the 
measures p,., for r>O, by setting 
and the maximal operator 
(d&f )(x)=w j. If (w’)I dp,(I’). 
r>O G 
(25) 
(26) 
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LEMMA 4.2. Zf $ is supported on If,,, then the operator A$ is bounded on 
LP(G) for 1 < p < co, and its norm depends only on the support of II/. 
Proof: The statement is trivial for p = co, so we assume 1 < p < co. We 
can find a smooth non-negative function $* on V, complactly supported, 
and depending only on supp $, with the property that, if 4 Q r < 1, then 
dp,<$*da=dp*. 
It follows that 
(27) 
Let now cp be a smooth non-negative function on G, supported on 
{x: f< 1x1 ~2) such that 
jG v(x) dx = jG &*(x). 
Then the maximal operator 
(Mf )(x) = sup 2jQ 1 If(xy-‘)I cp(2’y) dr 
jeZ G 
is bounded on LP(G) for 1~ p < CO [7]. We define 
dKj(x) = d@(x) - 2+9(2’x) dx 
and consider the square-function operator 
(Sf )(x)= C If *Kj(x)12 
( jeZ > 
112 
. 
Since 
(J$f )(x) S,(Mf )(x) + (Sf )(x)7 
it is sufftcient o show that S is bounded on LP(G), 1~ p < CO. 
For j E Z, let e, = f 1 and consider the singular kernel 
By Theorem 4.1 and one of the remarks at the end of Section 3, 
Ilf * (7 SKl)~~pscp IIf Ilp 
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for 1 <p < co, with cp independent of the choice of the .sj. The conclusion 
follows from a standard argument involving Rademacher functions. Q.E.D. 
Let now M be a relatively compact open subset of V,, and define 
W = Ua G i 6M. We want to extend the scope of Lemma 4.2 to include the 
case where $ is the characteristic function of W. In this case the support of 
II/ contains the origin; however, its intersection with the unit sphere Z is 
compact in Vn ,X. 
THEOREM 4.3. rf II/ is the characteristic function of W and -.& is defki 
by (26), then A$ is bounded on Lp(G) .for 1 < p < ,x’. 
Proof: Let W,= Wn {x: 2--‘< Ix/ g2pjc’}. Then xw, the charac- 
teristic function of W, is the sum of the xw,, for j< 0. Therefore 
The maximal function MXR3,is the same as &i$, where tii is obtained by 
resealing xw, do by a factor 2’ according to (25). This means that if f is a 
function on V, 
= s wOf(x) Jj(*v) d~(X)v 
where Jj is the Jacobian determinant of the map from V to itself that sends 
x into 2 -jx. A simple argument shows that there is an exponent y > 0 such 
that if XE W, and ja0, then Jj(x)<C2-yi- 
By Lemma 4.2, 
IIJ&)f Ilp = lL4,f llp < cp2-y’ Ilf Ilp 
for 1~ p < co, and therefore 
IlJ&,,f Ilp Q cp Ilf lip. 
PART II 
5. SINGULAR INTEGRALS ON GENERAL NILPOTENT GROUPS 
Q.E.D. 
We shall now apply the results obtained in the first part of this paper to 
other settings, by means of the so-called “method of transference” 
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[2, 10, 111. We first present a general transference Theorem for maximal 
operators, which is essentially contained in [2], but it is not stated there at 
the level of generality that we require. 
We assume that G is an amenable group (e.g., a connected nilpotent Lie 
group, as it will be in our applications) and that 71 is an isometric represen- 
tation of G on Lp(S), where S is a a-finite measure space and 1 < p < CC. If 
p is a measure on G with compact support, one defines the transferred 
operator T,, on Lp(S) according to the formula 
(T,f)(s)=j (d-~-‘)fM~)44x). (28) G 
PROPOSITION 5.1. Suppose that for every r > 0 pr is a measure on G with 
compact support. If the maximal operator 
is bounded on LP(G), then the transferred maximal operator 
(T*f)(s)=;y; U’,,f)(s)l (30) 
is bounded on Lp(S) with a norm that depends only on the operator norm of 
p* on L”(G). 
Proof. Given it4 compact in G, consider the truncated maximal 
operators p*M, T*,, defined by taking the suprema in (29) and (30) only 
over those r for which supp P~C M. 
Since for every UEG and (PE Lp(S) \Iqjlp= II7c(u) (pJlp, if U denotes a 
compact set in G of positive measure, then 
l,T*,fII’,is,=-& s,, Il~c(u) %fil”,,s,du 
=--$ jL,js supljG (n(ux-')f)(s)d~~(x)(ldsdu. 
Let q,(x) = (n(x)f )(s), for fixed s E S. Then 
IITLfll’,~,,=L 1 s m(U) LI s SUP Irp, * ~,(u)l” ds du 
1 
=- 
ss m(U) u s sup I(cp,,C,M-, ) * clr(u)l” ds du 
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since supp p, c M. Therefore, if C is the operator norm of p* on LP(G), 
Since G is amenable, it is possible to determine U such that 
m( Ui’tF ‘)/m( U) is arbitrarily close to one. It follows that 
II TZ, f II U(S) G c Ilf II U(S) 
for every compact subset M of G. The conclusion then follows by the 
monotone convergence theorem. Q.E.D. 
Proposition 5.1 applies in particular to one single measure p with com- 
pact support in G. In this case the statement is that the operator norm of 
T,, on Lp(S) is dominated by the operator norm of p as a right convolution 
operator on LP(G). 
Before treating the operators that are the main object of the second part 
of this paper, we show a simple application of the method of transference 
that allows to eliminate the hypothesis that the manifold V generates the 
full group in Theorem 3.4. 
Assume that K satisfies Condition A. Then the principal value dis- 
tribution 
(K, f>=beo jE<,.y,<,m, K(x)f(+~)d4x) 
=~$&f> (31) 
is well defined also if V does not generate G. Let H be the closed subgroup 
of G generated by V. Then H is homogeneous, with the dilations induced 
by G, and by Theorem 3.4 the operator of right convolution by K is boun- 
ded on LP(H) for 1 <p < cc. The proof of Theorem 3.4 also shows that the 
truncated operators K, defined by (31) are uniformly bounded on Lp(H). 
We now consider the representation II of H on Lp(G) given by restricting 
to H the right regular representation of G on Lp(G). Then x is isometric, 
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and if we apply Proposition 5.1 to each single measure K,, we see that the 
transferred operators T, are uniformly bounded on L”(G). It is also easily 
seen that T, is given by right convolution by K, on G. 
It follows by weak compactness that there is a sequence .sj tending to 
zero such that T,, weakly converges to a bounded linear operator T on 
LP(G). T obviously commutes with left translations, as the various T, do, 
so Tf = f * L, where L is some distribution on G. 
But L is the limit of the KC, in the sense of distributions. By (31) this 
implies that L = K. 
The same argument can be applied to a distribution satisfying Con- 
dition B, so we can state the following generalization of Theorems 3.4 and 
4.1. 
THEOREM 5.2. The conclusion of Theorem 3.4 still holds if V does not 
generate the full group. Similarly, the conclusion of Theorem 4.1 is also valid 
when all the manifolds V, generate the same closed subgroup of G. 
The weak compactness argument used to prove Theorem 5.2 also holds 
in the next applications and we will not mention it again. 
We now turn to one of the main applications, which has to do with the 
representation rc of the group G on LP-functions on a quotient group G/H. 
This allows us to study singular integrals on nilpotent groups related to 
dilations that are not automorphisms. 
Let N be a connected and simply connected nilpotent Lie group with Lie 
algebra n. Given a basis {X,, . . . . X, } of n, we consider dilations D,, for 
6 > 0, on n defined by D6 Xj = STX,, where clj > 0 for j = 1, . . . . n. We do not 
require that D, is an automorphism of n. 
The given dilations on n determine (non-automorphic) dilations on the 
group, once a set of canonical coordinates has been fixed. The dilations on 
the group depend in general on the chosen coordinates. 
The coordinate systems we refer to are obtained by grouping the 
elements X,, . . . . X, in an arbitrary way, so that n is decomposed into 
dilation-invariant subspaces n, , nZ, . . . . nk. Then the generic element y E N is 
parametrized by Y = Y, + ... + Ykr with Y, E n,, . . . . Y, E nkr by setting 
,r=exp, Y, exp, Y,...exp, Yk. 
The expression on the right-hand side will be denoted by exp Y. 
Given an integer m, the step-m free Lie algebra generated by {A’,, . . . . X,,} 
is the quotient of the free Lie algebra generated by these elements, modulo 
the ideal generated by all commutators of order m + 1 (the notion of a free 
Lie algebra is in [ 14); the notion of a free nilpotent Lie algebra was first 
formulated in [ 53). 
If m is large enough, there is an ideal 1, in the step-m free Lie algebra g 
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generated by {X, , . . . . X,,} that is complementary to the subspace ii spanned 
by {L . . . . X,} and such that g/h 2: n. Therefore, if X’ and A”’ are in ii, and 
we let [xl, X”], be the ii-component of [X’, XN] relative to the decom- 
position g = hOti, then ii inherits a Lie algebra structure that makes it 
isomorphic to n. 
From now on we will use the same notation for the elements of n and 
those of ii. 
Let G be the connected and simply connected group having g as its Lie 
algebra, and O: G + N be defined by lifting to the group level the quotient 
map of g onto g/h. Then 
4exk Z evG Y, “.exp, Y,)=eXp Y, (32) 
where Z~lj, Y,E~ ,,..., YkErtk, Y= Y, + ... + Y,; 0 is a surjective group 
homomorphism whose kernel is H = exp, h. 
The reason for introducing the group G is that the dilations Dd on ii 
extend to automorphisms of g, since every linear transformation on ii 
extends to an automorphism of the free nilpotent algebra. 
Given a function f on N and x E G, we define 
(4x)fKYJ=f(w(x)). (33) 
For p < DJ, x gives a representation of G on LP(N) that is isometric. We 
want to realize explicitly what transferred operators from G to N, 
according to (28), look like in this case. 
For simplicity, we take an absolutely continuous measure p(x) dx on G, 
with cp E L’(G). Then 
where i is any element in the coset a-‘(z) and the Haar measures on H 
and N = G/H are suitably normalized. Therefore T,,, is a right convolution 
operator on N whose kernel is obtained by pushing forward the measure 
q(x) dx by the map O. 
The next theorem shows that transferring a singular integral operator on 
G with kernel supported on an appropriate submanifold gives a singular 
integral operator on N adapted to the non-automorphic dilations. 
THEOREM 5.3. Let K be a distribution on n that is smooth away from the 
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origin and homogeneous of the critical degree - Q = --c1, - u2 . . . -CL, with 
respect to the dilations D,. Then the convolution operator on N 
(Tf)(y)=p.v. { f(y(exp Y))‘) K( Y) dY (34) ” 
is bounded on Lp( N) for I< p < oz. 
Proof Let V# = exp, n, exp, n, . . . exp, nk. Then V’ is a 
homogeneous analytic manifold in G. As we can assume without loss of 
generality that dim N > 1, V”\{O} is connected. 
Let K# be the kernel supported on Vx such that 
K#(exp Y)da=K(Y)dY. 
We can apply Theorem 3.4 to conclude that the operator that maps f 
onto f * K# is bounded on LP(G) for 1 < p < co. If we transfer this 
operator to LP(N) by means of (33), we obtain 
(T,+~)(Y)=PJ. j,, KX(MW1)f)(~)da(~~) 
= p.v. 
s K( Y)f(y(e% T’) dY n 
By Proposition 5.1, T is bounded on L”(N) for 1 < p < cx). Q.E.D. 
The statement in Theorem 5.3 is not the most general one along these 
lines. It is easily seen that one can replace the kernel K supported on all of 
n with a homogenenous kernel on n that satisfies Condition B. As in the 
proof of Theorem 5.3, one reduces to transferring from G to N a smooth 
convolution kernel that is supported on the manifolds V,? = eyp Vi. 
A technical problem arises when the support of K has several analytic 
components V,, . . . . V,. In this case, in order to apply Theorem 4.1-or, 
more precisely, the second part of Theorem 5.2-one has to make sure that 
v,# ) . ..) V,X generate the same closed subgroup of the free nilpotent group 
G. We indicate two situations in which this property is satisfied. 
PROPOSITION 5.4. Let y(t) be a homogeneous curve (i.e., y(6t) = Day(t) 
for every t E R and 6 > 0) in n that is analytic at t = 0. Let y # be the curve 
expy in G; then the two half-curves {y#(t): t>O} and {y#(t): t<O} 
generate the same closed subgroup of G. 
ProojI Since y # (t) is analytic at every t E R, every arc of y # generates 
the same closed subgroup. Q.E.D. 
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Suppose now we consider the first canonical coordinates on N, i.e., given 
by the exponential map exp,: n + N. If V,, . . . . V, are as above, then 
VT = exp, V,, . . . . I’: = exp, V, in this case. 
PROPOSITION 5.5. V# and V,? generate the some closed subgroup of G if 
and onI]? [f V, and V, span the same linear subspace of n. 
Proof: Let H, and Hi be the closed subgroups generated by V,” and 
VT, respectively. Their Lie algebras h, and hi are those generated by Vi and 
V,, respectively. Moreover V, and its linear span generate the same sub- 
algebra, and similarly for Vi. 
The conclusion follows from the fact that in a free nilpotent algebra, two 
subspaces of the linear span of the set of generators generate the same 
subalgebra if and only if they are identical. Q.E.D. 
Therefore, either if 7 is a curve that is analytic through the origin, or if 
V,, . . . . Vm span the same linear subspace of n and first canonical coor- 
dinates are used, then any kernel satisfying Condition B gives bounded 
convolution operators on LP(N) for 1 < p < CC’. 
We prove next a maximal theorem on N related to the non-automorphic 
dilations D,. 
On the Lie algebra n we fix a smooth homogeneous gauge 1 1 and 
consider the corresponding balls centered at the origin in N 
B,={.uEN:x=erp Y, IYl<r). 
We define the maximal operator on N 
(35) 
It is interesting to notice that in general the gauge does not satisfy a 
triangular inequality of the form lxyl < C(!A+ 1~1) (where the gauge has 
been transported from n to N by the map exp). 
Therefore the theory of spaces of homogeneous type [3] cannot be 
applied. We will make use instead of the full strength of Proposition 5.1. 
THEOREM 5.6. The operator ~8 in (35) is bounded on LP(N) for 
I<p<CG. 
Proof: For p = a the statement is trivial, so we assume that 1 < p < oz. 
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Let f E LP(N), which, without loss of generality, we can assume to be non- 
negative. In this case 
Let T/# = exp ii be the manifold in the free group G introduced in the 
proof of Theorem 5.3, and let p,, r > 0, be the measure supported on V# 
such that 
s 
1 
44-r) 44~) = - 
G i fw,) IYlcr 
(p(e7p Y) dY. 
Then pr is compactly supported and its total variation is bounded by 
one. Furthermore 
so that by Theorem 4.3 the operator 
is bounded on LP(G). The conclusion follows from Proposition 5.1. Q.E.D. 
6. OSCILLATORY SINGULAR INTEGRALS 
Oscillatory singular integrals have already been treated in [ 181. 
It is proven there that if K is a standard Calderon-Zygmund kernel on 
the nilpotent group N, endowed with automorphic dilations, and P(x, y) is 
a real polynomial on Nx N, then the operator 
(~fN-~)=w s, f? i"","'K(y)f(x),-') dy (36) 
is bounded on LP(N) for I< p < co, and its norm depends on K, p and 
only on the degree of the polynomial P. We are using here a slightly 
different notation from [ 181. The two notations match if P(x, y) in (36) is 
replaced by P(x, xy-‘). However, this difference has no relevance. 
In this section we give an alternative proof of this fact, that makes use of 
our previous results and of the method of transference. This new proof does 
not allow one to treat also the more general kernels considered in [ 181. On 
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the other hand it leads to generalizations in other directions, namely it 
allows one to consider kernels supported on analytic submanifolds and/or 
non-automorphic dilations on the group. 
An extension of this technique, which allows one to cover also kernels 
with homogeneity above the critical degree, will be considered in a 
forthcoming paper. 
In order to state our results in full generality, we assume that the Lie 
algebra n of N is endowed with (not necessarily automorphic) dilations D, 
and that n is decomposed into k homogeneous ubspaces n,, . . . . nk which 
determine canonical coordinates on N, by mapping Y = Y, + ... + 
Yko n, 0 ... On, into exi, Y= exp, Y, ...exp,V Yke N. Furthermore we 
assume that V is a connected analytic homogeneous ubmanifold of n not 
containing the origin and that K satisfies Condition A on V. 
THEOREM 6.1. Let V and K be as above, and let P(x, y) be a real 
polynomial on N x N. Then the operator 
(Tf)(x)=PJ. jL, eiP’r,exp “K( Y)f(x(eyp Y))‘) da( Y) (37) 
is bounded on Lp( N) for 1-c p < cc, \i*ith a bound that depends only on K, p, 
and the degree of P. 
Before going into the proof, we observe that if we express x and y in any 
set of canonical coordinates, then P(x, I’) reduces to a polynomial on n x n. 
The degree of this polynomial may depend on the coordinates; however, a 
change of coordinates will have the effect of increasing at most the degree 
by some fixed amount depending only on the degree in the original coor- 
dinates. 
Proof: With a slight abuse of notation, we write, for X = X, + . . . + X, 
and Y = Y, + . . + Y, in n, P(X, Y) in place of P(eyp X, eyp Y). 
Let 
(38) 
We can assume that each monomial in (38) has I/II 2 1. In fact, if P 
contains a monomial c,x3 depending only on X, the corresponding 
exponential factor e”*‘- can be taken outside the integral without changing 
the LP-norm of TJ 
We consider the free Lie algebra (5 over the following generators: 
(i) the elements Z,, . . . . Z, of a homogeneous basis for n; 
(ii) an element W,, for each pair (tl, p) of multiindices with 
06 Ial $q, I< IPI <q. 
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We then define a representation x of 6 on Y(N) by setting 
(~(zj)f)(X)=(Zjf)(X) 
(4 W,,)f)(*y) = -kpJT-(-4? 
(39) 
(40) 
where caP is the coeffkient in (38). The operator Z, on the right-hand side 
in (39) refers to the left-invariant vector field on N, and multiplication by 
X” in (40) is consistent with the choice of coordinates x = exp X on N. 
It is easily seen that x annihilates all commutators of the generators of 
high enough order. There is therefore an integer m, depending only on q, 
such that (39) and (40) define a representation, also denoted by rr, of the 
step-m free nilpotent algebra gq over the generators given in (i) and (ii). 
The algebra gy does not depend on the coefficients c,~. 
We want to show that the representation I( given by (39) and (40) can be 
exponentiated to the simply connected group G, that has gy as its Lie 
algebra. To do this, let w be the ideal in gy generated by the W,, 8, let 3 be 
the subalgebra generated by the Z,, and let W, Z be the corresponding 
subgroups of G,. Then G, is the semi-direct product of Z and the normal 
subgroup W. From (39) we obtain, by exponentiating, the representation it
of the free nilpotent group Z as the left regular representation on its 
quotient group N. 
From (39) and (40) we obtain a representation ii of W given by mul- 
tiplication operators on L’(N) by factors which are exponentials of purely 
imaginary polynomials. To see that these representations combine to give a 
representation of the semi-direct product G,,, it suffices to prove only that 
if z E Z and IL’ E W, then 
Both sides represent multiplication operators, so it suffices to show that 
for WEw 
rc(Ad(z) W) = E(z) 7c( W) ii(r-‘). 
for Y = Y, + . . + Y, E n. We see that the representation E consists of 
isometries of every Lp( N), 1 d p < cc. 
(41) 
ti2fexpGq yL”.expGq Yk)f)(X)=f(XeyPX) (42) 
for Y= Y, + . + Y, E n, we see that the representation ii consists of 
isometries of every Lp( N), 1 d p < ,x. 
ANALYSIS ON NILPOTENT GROUPS 83 
If the dilations on n map Zj into S”JZ,, we define dilations C!& on g9 by 
setting 
L&z, = b”,z,, 9* WxB = 6’QJ w’+ 
Since g, is a free nilpotent algebra, g6 extend to automorphisms of gy. 
Let now 
V* = 
i 
expc, Y, ...expGq Yk expG4 1 Y’W (,, @): Y,+ . . . + Y,EVj. 
Then V# is a connected analytic homogeneous manifold in G,. As V 
parametrizes V#, we can define a kernel K# on V# by the requirement 
that K# do* = K da, where da# is the surface measure on V#. We obtain a 
homogeneous distribution supported on V# to which Theorem 5.2 can be 
applied in order to obtain the boundedness of the corresponding right-con- 
volution operator on LP(Gq) for 1 <p < a3. 
We now transfer this result to L”(N) by means of the representation 72. 
The resulting operator is 
(r,cf)(x) =p.~t j-, Iy ~#(y)(ii(~-‘)f)(x) d~#b) , 
. . . evGq( - Y, ) f 
H 
(-xl d4 Y) 
, 
= p.n 
f K( Y) e I’ 
izhflFy8(7?(expG,( - Y,) 
.‘.exp,J - Y,))f Ku) dd Y) 
= p.0. 
I 
K( y) eip(X. YJ f(x(eyp Y) -‘) da( Y) 
c 
It follows by transference that T is bounded on Lp(N) for 1 -C p < cc. 
Since the coefficients of P only intervene in the definition of iT, which is 
always isometric, the norm of T does not depend on the choice of c,~, but 
only on q. Q.E.D. 
In order to treat non-connected manifolds, it is necessary also in this 
case to make sure that the various components of V# generate the same 
subgroup of G,. In this regard the hypotheses of Propositions 5.4 and 5.5 
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are sufficient also when dealing with oscillatory singular integrals. 
However. since our results are deduced by transference from a larger 
group, these hypotheses have to be assumed even when N is endowed with 
automorphic dilations. 
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